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I. INTRODUCTION 
The modern theory of large elastic deformation owes its develop­
ment to Rivlin (1), (8). His papers, dealing mostly with solutions 
to problems of large deformation of isotropic, incompressible,materials, 
have appeared continually in the literature since 1948. During the 
past two decades, many researchers have also considered the subject. 
Green and Shield (5) put the theory into a more general form by intro­
ducing general curvilinear coordinates and using tensor notation. The 
beginning chapters of two books, one by Green and Zema (6), the other 
by Green and Adkins (4), discuss the general theory in great detail. 
A brief review of the theory modeled after that of Green and Adkins 
is given in Chapter II. 
The application of the theory of large elastic deformation to 
elastic membranes has been studied in a rigorous manner by Rivlin and 
Adkins (1), although Green and Shield (5) appear to have initiated the 
investigation of the problem of a spherical membrane. The theory of 
membranes is developed on the assumption that the stress resultants 
acting on sections normal to the middle surface of the deformed membrane 
are considerably larger than the transverse stress couples and shear 
stresses, which, therefore, can be neglected. This assumption assures 
a good approximation when the radii of curvature of the deformed membrane 
are everywhere very large compared to its thickness and the principal 
extension ratios in the middle surface of the membrane are also large. 
The resulting theory is thus developed in terms of the predominant 
stress resultants and the deformation of the middle surface of the 
2 
membrane. A summary of f.he membrane theory, reformulated by Cor-
neliussen and Shield (2), is given in Section A of Chapter III. 
If the membrane as well as the system of the deforming forces, 
possess axial symmetry with respect to a common axis, the theory of 
membranes can be further simplified. For this specific class of prob­
lems, the independent spatial variables are reduced to one. Section B 
of Chapter III outlines the theory of axially symmetric membranes 
generalized by Green and Adkins (4). The successful application of this 
theory is still limited to a few problems with simple geometry and 
loading systems. The main difficulty is the non-linearity of the 
equations involved. Some problems concerning the inflation of the 
membranes have been considered in the literature (1), (2), (3), (4). 
So far, the inflating surface stress field has been restricted to a 
uniform pressure. 
In the present investigation, the theory of axially symmetric 
membranes, with an added equation to describe the variation of the in­
flating pressure, is applied to the problem of inflation of an axi-
symmetric membrane by means of a linearly varying hydrostatic pressure. 
The main object of this study is to find the stress field and the de­
formed shape of the membrane when the internal pressure which can be 
related to the total weight of the fluid held in the membrane, is given. 
Under the assumption that the two principal extension ratios are 
greater than two (say), and if a neo-Hookean strain-energy function is 
employed (for the definition of this function see Chapter II), it is 
found that the stress throughout the membrane is very nearly constant 
and the deformation is independent of the initial configuration of the 
3 
membrane. The deformed shape of the membrane is then completely deter­
minate from kinematics, pending the solution of the governing equation 
which, is a nonlinear integral equation of Volterra type. An exact 
analytical solution of the integral equation has not been found. A 
numerical solution is obtained by successive approximation using an 
iterative procedure with the aid of a high speed digital computer. 
Proofs of convergence and uniqueness of the solution are presented in 
Section C of Chapter IV. The remainder of the same chapter gives the 
scheme of the iterative procedure together with numerical results for cases 
where water and some other types of fluid, having arbitrarily assigned 
weight densities, are used. The computer program which generates the 
numerical results and the output from the program is included in the 
Appendix. 
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II. REVIEW OF THE THEORY OF LARGE ELASTIC DEFORMATION 
We consider the deformation of an elastic body which is homogeneous 
and isotropic in its undeformed state. A typical material particle 
initially at point with coordinates in a fixed rectangular car­
tesian system moves to Q with coordinates y^  in the same system. The 
deformation at time t is defined by 
i^ i^'^ l^' *2' ^ 3' (Z'l) 
where Latin indices take the value of 1, 2, 3 unless otherwise stated 
and t plays the role of a parameter. More generally, the motion may 
be described in terms of a general curvilinear coordinate system 0^  such 
that 
12 3 
Xi = Xi(6 , a , 0 ), 
88j 
# 0.  (2.2) 
In terms of the general curvilinear coordinates Eq. 2.1 can then be 
rewritten as 
yi = yi(0^ , 8^ , 0^ ; t). (2.3) 
The coordinates 0^  which move with the body as it deforms are called 
convected or material coordinates. If the deformation is to be pos­
sible in the real material, it is sufficient that the functions x^  and 
y^  in Eqs. 2.2 and 2.3 are single-valued continuous functions and the 
x^  = x_(y^ , y^ , y^ ; t); in this event the Jacobian J = 
relation given by Eq. 2.1 possesses a unique inverse of the form 
—  ^0 in the 
' O'Zj 
region considered. 
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The position vector r of at is 
r = r(e\ 8^ , EP). (2.4) 
The corresponding base vectors and metric tensors for the system 0^  in 
the undeformed body are 
(2.5) 
ÔX. k 
The length ds of an undeformed element is given by 
ds^  = dx^ dx^  = g^ .d0^ d0^ . (2.7) 
If g = j g^ jI, then 
gij = , (2.8) 
r = g^ \, (2.9) 
where is the cofactor of g^  ^in the determinant of g^  ^and g^ '^  are 
contravariant components of the metric tensor. 
In the deformed body, the position vector of Q at y^  is 
R = R(0^ , 02, @3, t). (2.10) 
The various components of base vectors and metric tensors now become 
G, = 2%- , (2.11) 
00 
_ _ ay, ay. 
G.. = G. • G. = —T —T . (2.12) 
" : 38" 38: 
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The length dS of the deformed element is given by 
dS^  = - GLjdQ^ dQj . (2.13) 
Let G = 
=ij , then 
i i  Cf: = , (2.14) 
= G^ G^^  , (2.15) 
where is the cofactor of G. . in the determinant of G. . and G^ '^  ij 1] 
denotes the contravariant components of the metric tensor of the de­
formed body. 
The "strain" is measured by the difference of the squares of de­
formed and undeformed material elements; thus from Eqs. 2.7 and 2.13 
dS^  - ds^  = (G_ - g_) de^ dgj . (2.16) 
The covariant components of the strain tensor are defined by 
i^j ~ ^ ^^ ij " &ij)' (2.17a) 
Thus, . 
dS^  - ds^  = 2E_d9^ d0^ . (2.17b) 
Elastic materials have the basic property that their state of 
stress is derivable from a scalar potential W which under isothermal 
condition is simply a function of the components of the strain tensor 
X i i 
E^ j. Thus letting T be the stress tensor defined in the 0 -system 
it may be shown that 
7 
/I = ^  ^  (2.17c) 
1] 
where p* and p* are the current and initial densities respectively and 
W is essentially the free energy per unit undeformed volume. If 
the material is homogeneous, W does not depend explicitly on if 
further, the material is isotropic, then W is functionally dependent 
only on the "invariants" of the deformation I^ , i.e., 
W = W(I^ , I^ , I3), (2.18) 
where 
\ , (2.19a) 
=2 = SrsCfSl, , (2.19b) 
I3 = G/g. (2.19c) 
In terms of the strain-energy function W and the metric tensors 
g^ '^  and and as a consequence of Eq. 2.17c, the contravariant com­
ponents of the symmetric stress tensor of the deformed body are 
then given by Eq. 2.20 i.e., 
= #g^ j + + P*G^  ^, (2.20) 
where 
2 aw § = 
2_ oW 
•3 ^^ 2 
8 
P* = Jr; ' 
- gi'sjSG,, . 
For an incompressible material, = 1 and thus the strain-energy 
function of such a material is only a function of and i.e., 
W=W(I^, I^), (2.22) 
where now P* in Eq. 2.21 plays the role of an arbitrary hydrostatic 
pressure which, of course, may be a function of position and time. 
Most rubbers are almost incompressible in the presence of moderate 
stress field so that Eq. 2.22 is a very accurate representation of the 
form of W for such materials. None-the-less the functional form of W 
in terms of 1^  and 1^  varies from material to material and may, in 
certain cases, be very complex. 
A certain simplified form of W, called the Mooney form is given by 
Eq. 2.23. This form represents a good approximation to the physical be­
havior of a large number of rubbers, in certain ranges of deformation 
and is, 
W = C^ (I^  - 3) + - 3) (2.23) 
where and are material constants. An even more simplified form 
of Eq. 2.23, given by Eq. 2.24 and known as the neo-Hookean form, 
i.e., 
W=|(I^-3) (2.24) 
9 
has been found to describe the deformation behavior of natural rubber 
(when not overly cross-linked) well, over fairly wide ranges of 
deformation; the constant> in Eq. 2.24 is the shear modulus of the 
material under conditions of infinitesimal deformation. The simplicity 
of the form of W, as given by Eq. 2.24, lends itself to the analytical 
solution of large deformation problems which would otherwise remain 
intractable. One such problem is dealt with here. 
In the absence of accelerated motion, the equation of equilibrium 
is 
 ^+ p*fj = 0, (2.25) 
where the double vertical lines | denote covariant differentiation in 
the system 8^  of the deformed body, p* is the mass density of the de­
formed body and f^  are the components of the body force vector defined 
in the 9^ - system. 
If P = p^ G^  is the given surface force acting on the surface of 
the deformed body and if n = n_G^  is the unit normal to the surface, 
equilibrium near the surface requires that 
T^ n^^  = p^ . (2.26) 
Field Eqs. 2.20 and 2.25 in conjunction with the boundary condition 
in Eq. 2.26 are the governing equations for the solution of the static 
elastic problem in terms of the displacements under a given system of 
surface forces. 
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III. THEORY OF LARGE DEFORMATION OF THIN ELASTIC MEMBRANES 
A. General Membrane Theory 
The theory of axially symmetric deformation of thin elastic 
membranes can be obtained as a particular case of a more general theory 
which has been given in great detail in the book by Green and Adkins (4) 
For the sake of completeness we give here a very brief outline of 
the general theory as it was reformulated by Corneliussen and Shield 
(2) . Eut we also show in Section B of Chapter III how one can obtain 
the constitutive equation pertaining to an elastic membrane, ab initio, 
using a much simpler and more direct approach. 
Let the middle surface of the undeformed membrane be M . We choose 
o 
1 2 
a general curvilinear coordinate system (0,0) defined on the surface 
The position vector from the origin of a fixed reference frame 
1 2 
to any point (0 , 0 ) on M^  is 
1 = 1(0^ ,0^ ). (3.1) 
The corresponding base vectors are 
The surface metric tensors for the 0^ -system in the undeformed state 
are given by 
3^ # = , a** = . (3-3) 
where a = | a^ g| and c^ *^  is the cofactor of a^  ^in the determinant of 
11 
Greek indices taking values of 1 and 2. We further define a unit 
vector 3^ (9 , Q ) at each point on in the direction of a^  x a^ . We 
have 
â X â 
3^ - |â^  X â^ l • (3^ 4) 
The position of a point in the undeformed membrane with the thickness 
2h^  can be described by the position vector r, such that 
r = a(8^ , 0^ ) + 0^ 3(6^  0%), (3.5) 
with 0^  < h^ (0^ , 0^ ). Note that when 0^  = 0, Eq. 3.4 gives the posi­
tion vectors of the middle surface M • 
o 
12 3 So, 0 , 0 and 0 now constitute a convected coordinate system. 
The base vectors of the 0^ -system are 
Sa = â.G + 6^ :3,0 , S3 = . (3.6) 
3 For a thin membrane 0 is neglected and the various components of the 
metric tensors of the 0^ -system in the undeformed state are 
Sap = ' 803 = 0, g33 = 1, 
.s" = 0. g" = l. (3.7) 
g = a. 
1 2 12 
The deformation carries the point Q^ (6 , 0 ) on to Q(0 , 0 ) 
on the deformed middle surface M which is defined by the position 
vector 
12 
A = A(8l, @2), (3.8) 
with the base vectors 
"^ 'a ' (3.9) 
and the metric tensors 
(~Q 
Aog = ' Ap , A = -g- , (3.10) 
Aagl and 0^ °" is the cofactor of A^ g in the determinant of where A = 
Aa0* each point on the surface M, define a unit vector A^  such that 
its direction is along the vector of A^  x A^  at that point and 
_ A^  X A^  
3^ = IÂ, X ÂJ • (3-11) 
The position vector from the origin of the reference frame to a 
point of the deformed membrane with a thickness of 2h becomes 
R = Â(6\ 6^ ) + 8%), (3.12) 
where < h(9^ , 9^ ) and . 
o 
The metric tensors of the 0 -system in the deformed state of the thin 
membrane are 
, Ggj = 0 , G33 = (^ 3)^  , 
= A°^  , = 0 ,  ^, (3.13) 
G = (^  ^A. 
3 
Here we have assumed that 0 is small such that 
13 
~ •^ 'a ' Gg - Ag . (3.14) 
We now define a physical stress vector n^  acting on the surface of 
0*^  = constant, measured as force per unit length of the middle surface 
M, such that 
' (3.15) 
where 
— ccB 
• (3.16) 
Once the physical stress vector is obtained, the contravariant stress 
0,6 
tensor n can be found by the relation 
'^ a ~ Ota " (3.17) 
A 
From Eqs. 3.15, 3.16, and 3.17 we obtain 
n®"^  = . (3.18) 
If n^ ^^  ^denotes the physical components of the stress tensor n^ ,^ 
measured per unit length of the deformed middle surface, then 
(^aP) ^  .5 ^ (a, ; not srmmed) . (3,19) 
Ja 
In terms of the strain-energy function, the strain invariants and the 
rtS 
surface metric tensors, the contravariant stress tensor n in Eq. 3.18 
can be written as 
14 
where 
r I 
+ 
L()y) 
^3 + 
og ^  
31, 
- (S)' & 
Il = (Xs)^  + aGBAGP , 
In = I. + 
Oy)2j 
lo = (S)' f • 
(3.20) 
The equations of static equilibrium in the directions tangential 
and normal to the membrane surface are given as 
ap 
n 
a 
a g  ^  p  p  p a n a  p 3  
- * ' a+ ' ap * " ' op =°' 
ap, 
n Bgp = p 
(3.22) 
(3.23) 
In Eq. 3.23, p denotes the resultant pressure acting outward and normal 
to the membrane and is measured per unit area of the deformed middle 
surface M. The quantities are the components of the symmetric 
tensor associated with the second fundamental form of the middle surface 
M. Thus 
- 3^ • ^ P,a ' 
Bp -
(3.24a) 
(3.24b) 
From the Codazzi equation, 
B 
ai 2 ®a2 (3.25) 
15 
The components of the Christoffel symbol are given in terms of 
the surface metric tensors A„q and as 
Vp • 
(3.26) 
B. Theory of Axially Symmetric Membranes 
By an axially symmetric membrane we mean that the membrane has the 
configuration of a surface of revolution of a plane curve about the axis 
of symmetry. Since we are concerned with an axially symmetric loading, 
then both the undeformed and the deformed membranes have the same axis 
of symmetry. In this specific class of problems, it is more convenient 
to choose a cylindrical polar coordinate system (p, 0, x^ ) for the un­
deformed membrane surface S^  and (r, 0, y^ ) for the deformed surface S. 
Here x^  and y^  are axes of symmetry. Figure 1 illustrates the situation 
where the deformed middle surface S is shown. 
Referred to Figure 1, an arc length AP on the surface S is measured 
from a fixed point A by § along the meridian curve. Similarly, for the 
undeformed membrane, an arc length of A P where the point A is the 
o o o 
initial position of A, is measured along T] which is also a meridian 
curve. Because of axial symmetry, the principal directions of the 
strain at point P coincide with the tangents to the meridian curve § and 
{^ coordinate curve and the direction normal to the surface S. Let 
2^, and be the principal extension ratios in these directions 
respectively. In this event, 
h di] ' (3.27a) 
16 
(3.27b) 
and if the material is incompressible. 
' 
(3.27c) 
2^) 
Figure 1. Middle surface of the deformed membrane 
From the geometry, any arc length ds on the deformed surface S is 
given as 
ds^  = d§^  + r^ dgf . (3.28) 
and on the undeformed surface (not shown), 
ds^  = df + p^ d^  . (3.29) 
Introducing Eqs. 3.27a and 3,27b into 3.29, we obtain 
ds I = (#^  + (f-)^ d/ = —^ r d§^  + (f-)^ d/ . (3.30) 
o M§' 
. ^  (Y 
It is also known that ds^  and ds can be expressed in terms of the 
17 
corresponding surface metric tensors and the surface coordinates 
6^ ) as 
ds^  = A^ pd0°a0^  , 
ds^  = a -dS'^ dS^  » 
o ap 
(3.31) 
(3.32) 
If we choose | and 0 as our surface coordinates and compare Eqs. 3.28 
and 3.30 with Eqs. 3,31 and 3.32, then the surface metric tensors are 
L 0 
Lo r^J 
1 
0 
*2 
1 0 
1 
, A = (r) , (3.33) 
œ _ a =
(3.34) 
For 0^ -system, the metric tensors and can be obtained 
from the metric tensors given in Eqs. 3.33 and 3.34 using the relations 
given in Eqs. 3.7 and 3.13. Thus: 
r- 1 
(y 
0 
0 (|-)^  0 , g": = 
"-(A,)" 
0 
0 
(^ )^  0 (3.35a) 
18 
1—1 
0 0 
II 
•
H 
0
 0 (r)^  0 
0 0 (Y 
, = 
1 
0 
0 
0 
0 
G = g = (rXg) 
(3.35b) 
(3.35c) 
ir 
For an incompressible material, the strain invariants of g G^  ^
are given by Eqs. 2.19, i.e.. 
Il - = (Y' + <V' + (V'. 
h  '  -  • : : h  * '  (Al)" 
= G/g = 1. 
(3.36a) 
(3.36b) 
(3.36c) 
The constitutive equations can be obtained in a more natural and 
direct'V, by using the general constitutive Eq. 2.20, namely 
(3.37a) 
Since = 1 for an incompressible material, Eq. 3.37a reduces to 
,iJ = 2 a. + 2 
+2 G^ j . 
ÔI3 (3.37b) 
Substituting the various components of the metric tensors found in Eqs. 
3.35a and 3.35b we can easily write down the contravariant components of 
stress tensor as 
19 
= 2 f- (Y' + 2 - (V''] + 2%. 0-38) 
1 Z j 
or 
= 2 % (y' + 2 ^  [I,(Y' - C^ )^ ] + 2^ . (3.39) 
= 2 f- <V^  + 2 §- [I,(Y' - (V"] 
+ 2-^=0. (3.40) 
3 
In Eq. 3.40, the normal components of the traction applied to the surface 
of the membrane are assumed to be negligible in comparison with the 
stress acting on the surfaces 9^  = constant. Also, it is obvious that 
= 0, (3.41a) 
and 
= 0, if a ^  3, (3.41b) 
owing to the orthogonality of the metric tensors. 
Subtract Eq. 3.40 from Eqs. 3.38 and 3.39 to obtain 
t" = 2[(X^ )2 - (Y^ ] %]. <3.42) 
r'?'' = • (3-43) 
The contravariant components of the stress resultant tensor, n^ , are 
related to by Eq. 3.18, i.e., 
n^  ^= Z^ h^ T^  (3.44) 
20 
where 2^ 2%^  = 2h, as we recall. Is the thickness of the deformed 
membrane. Thus, we have 
n" . 4Y. [(\)' - (V"] + Cy' . 0.45) 
A" . 4l;h, [(X,)2 - (Y^ ] + (\)' • (3-46) 
If we denote and as the physical components of the stress re­
sultants measured per unit length on the middle surface in the meridional 
and circumferential directions respectively, we can easily show by Eq. 
3.19 that the quantities n^  ^and r^ n^  ^found in Eqs. 3.45 and 3.46 are 
actually the physical components and of the stress resultant 
tensors. Hence 
 ^= n" = [(Y' - (#;- + (y' . (3.47a) 
\ ° 4^ 0 [(y^  - • (3-47W 
Equations 3.47a and 3.47b are the constitutive equations for axially 
symmetric membranes under large elastic deformation. 
rïR 
It should be pointed out that all the quantities a^ ,^ a , and 
A , the strain invariants I^  and I^ , the stress resultants and 
and the strain-energy function W (I^ , I^ ) are all independent of the 
circumferential angle 0 due to axial symmetry. They may be expressed 
in terms of one of the variables r, §, I], or p. 
We now come to equations of kinematics. Let the normal curvatures 
in the directions of the § and {^ coordinate cuirves be and (see 
Figure 1). Then Eq. 3.24 yields 
21 
= - K^ , = - K^ , = BJ = 0. (3.48) 
The only non-vanishing Christoffel symbols are 
. 0.49) 
Substitute the first part of Eqs. 3.47a and 3.47b as well as Eqs. 
3.48 and 3.49 into Eqs. 3.22 and 3.23 and use Eq. 3.24 to obtain the 
equations of equilibrium 
h (Tl?) = ^ 2 31 ».50) 
+ KgTg = p. (3.51) 
In addition, from the Godazzi equation it follows that 
d%  ^^  df • (3.52) 
Also, from differential geometry, 
K^ r = [1 - (^ )^ ]^  . (3.53) 
Equation 3.27 which defines the principal extension rr.tios, the 
constitutive Eqs. 3.47a and 3.47b, the equations of equilibrium 3.50 
and 3.51, and the geometrical relations in Eqs. 3.52 and 3.53 constitute 
a system of nine differential equations enabling us in principle to 
solve for nine dependent variables 2^* 
p) as functions of the independent variable § when the pressure is a 
constant with respect to 
22 
IV. PROBLEM OF THE INFLATION OF M AXIALLY SYMMETRIC 
MEMBRANE BY LINEARLY VARYING HYDROSTATIC PRESSURE 
A. Statement of the Problem 
We have mentioned in Section B of Chapter III that, at least in 
principle, the problem of the inflation of axially symmetric membranes 
by a uniform pressure can be solved through a set of nine equations. 
Except for a few simple cases, solution by the usual analytic devices 
is hampered by the nonlinearity of the equations involved. Numerical 
integration becomes the only practical means of obtaining a solution for 
most problems. Rivlin and Mkins (1) originated and contributed greatly 
to the solution of the problems of the inflation of a plane circular 
sheet and a spherical membrane by means of uniform pressure. Foster (3) 
has shown that for a number of similar problems, analytic solutions are 
obtainable under the assumption of very large meridional deformation. 
All the solved problems in the literature have the common feature that 
the deforming forces are restricted to a uniform pressure. This simple 
loading system not only preserves the axial symmetry but also is inde­
pendent of the spatial variables. 
In the present problem, however, the situation is quite different 
from those previously discussed by other authors. "We consider a closed, 
vessel-like and axially symmetric membrane initially at rest on a 
horizontal flat rigid support. The membrane is filled with an incom­
pressible fluid under pressure and is gradually inflated. During the 
inflation, the contact surface between the membrane and its support ex­
pands while the size of the membrane increases. When an equilibrium 
23 
state is reached such that the size of the membrane becomes very large 
in relation to its initial size, the fluid is shut off. This problem is 
complicated because it involves a varying hydrostatic pressure. More­
over, the size of the contact surface between the deformed membrane and 
its support is not known. We seek to predict the stress field and the 
shape of the deformed membrane in the equilibrium state when the total 
weight of the fluid contained in the membrane is prescribed. 
Consider an initially axially symmetric membrane. As stated pre­
viously, the membrane is inflated by means of an incompressible fluid 
under pressure. Since the membrane is axially symmetric in the unde-
formed and deformed states, a meridian section of the membrane in each 
state is all that is necessary for the purpose of analysis. Figure 2 
illustrates such sections. 
From the geometry of the deformed membrane and Eq. 3.53, we have 
B. Mathematical Formulation 
H = [1 - (4.1a) 
Hence, 
(4.1b) 
ÉZ = ÉZ (4.1c) dr d§ dr 
Integrating, 
,r 
ds + c. 
24 
Since at r = 0, y = 0, c = 0, and hence, 
.r , 
y = 
/„ l[l -
*ds. (4.2) 
To describe the varying pressure at a typical point Q(r,y) on the 
deformed membrane, we introduce first a parameter p^  which is the pres­
sure intensity at the crown A. The pressure intensity at Q(r,y) is given 
by 
777777777777 
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(a) undeformed membrane (b) deformed membrane 
Figure 2. Meridian section of membrane 
p = p^  + wy (4.3) 
where w is the weight per unit volume of the fluid. 
Introduce Eq. 4.2 into Eq. 4.3 to obtain 
.r 
P = Pq + w (4.4) 
'O L[1 - *2:)' 
The Eqs. 3.27, 3.47, 3.50, 3.51, 3.52, 3.53 and 4.4 then yield 
ten equations for the determination of X2> X3, T]_, T2, Ki, K2, r, § 
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and p as function of the independent variable T]. Because, however, it 
appears that r lends itself more naturally as an independent variable, 
we will interchange the roles of r and T| so that from now on we shall 
regard Tj as the dependent variable and r as the independent variable. 
This choice leads to some important considerations which will be 
discussed presently. As a consequence of the expected deformed shape of 
the membrane, the dependent variables cannot all be single-valued in r. 
For instance, and cannot be single-valued in r, otherwise the 
deformed shape would be symmetric about the point Q^ . For this reason 
we divide the deformed membrane into two regions: (i) 0 < y < y^  
(ii) y^ jj < y < y|j- The point has the property that ^  = 0 ^  r = r^ . 
We now expect all dependent variables to be single-valued in each 
of the regions. Also because of the nature of the deforming forces and 
the support conditions, we expect that the membrane will be everywhere 
smooth i.e., and will be continuous everywhere. This can be 
proved very easily. Evidently there can be no discontinuity in 
or in the circumferential direction because of axial symmetry. 
Neither can there be such discontinuity in the -^direction. Otherwise, 
as illustrated in Figure 3, assume that such a discontinuity exists 
along the curve AOA'. Then consideration of equilibrium of a thin element 
in the vicinity of 0 shows that a line load along the curve AOA' must 
exist if equilibrium is to be satisfied. Since no such loading exists, 
the membrane must be smooth throughout and and must be continuous 
on the entire deformed membrane surface. It naturally follows that T^  
and T2 and therefore Ag and must also be continuous. 
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Figure 3. Equilibrium of an element of membrane 
At this stage, we like to give a concise re-statement of the problem 
in terms of the available equations. In region (i) we have the fol­
lowing equations : 
\ ~ drj * ('^ •5a) 
 ^  ^, (4.5b) 
• 
Tj = %]' (4-Gb) 
Il (I,r) = T, II , (4.7) 
= p, (4.8) 
Jl  ^, (4.9) 
K^ r = [1 - (||)^ ]^  , (4.10) 
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and the boundary conditions: 
at r = 0, 
= X2, ?! = ^ 2 ^  *1 ^  ^2' ^  = S = 0, p = p^ ; (4.12) 
whereby, as a consequence of Eq. 4.8, 
(4.13) 
At r = r 
m 
(4.14) 
the inequality in Eq. 4.14 being a consequence of the expected deformed 
shape of the membrane. 
In region (ii) the same field equations apply (with some appropriate 
sign changes that will be discussed later) except for Eq. 4.11 which 
becomes 
m 
To determine the boundary conditions in region (ii) we note that all 
dependent variables must be continuous at r = r . Let uns tarred and 
starred quantities denote the dependent variables in region (i) and (ii) 
respectively. Then at r = r^ : 
ds. (4.15) 
m 
= K* , T^  = T^  , %% = T* , etc. (4.15) 
At r = r, 
K* = Kg = 0, T* = T| . (4.17) 
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We do not, at this moment, inquire into whether the above stated 
boundary conditions are sufficient for the existence of a solution, 
since certain simplifications will be made before a solution is sought. 
However, we would like to emphasize that both r^  and r^  are unknown and 
their determination is part of the total solution of the problem. 
To obtain the simultaneous analytical solution of the preceding ten 
equations it appears to be mathematically rather unfeasible. A basic 
assumption is made, therefore, at this stage wh^ ch reduces the labor 
considerably and furnishes a solution of the problem. This assumption 
is that both the meridional and circumferential deformations are very 
large, say X ,^ Ag > 2. This assumption essentially limits the problem 
to cases where the inflation of the membrane is very great. Furthermore, 
a neo-Hookean strain-energy function is employed. Under these circum­
stances, Eqs. 2.24 and 4.6 then yield 
\ 1 . aw (4.18) 
° S • • 
for then 
If, now the term Y is neglected when compared with the term 
1^ = 2nh^  (4.19) 
Similarly, 
(4.20) 
The Eqs. 4.19 and 4.20 give 
2 2 2 
T1T2 = 4p ho = T constant. (4.21) 
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Let us examine the consequences of these results. Considering region 
(i) first, substitute Eq. 4.21 into the equation of equilibrium, Eq. 4.7, 
to find 
d(T^ r) = T^ dr = — dr. 
Expanding, 
T^ CrdT^  + T^ dr) = T^ dr, 
dr 
(I^  - I^ ) 
Integrating, 
log (T^  - T^ ) = - 2 log r + log , 
or, 
= -| . (4.22) 
At r = 0, that is at the crown A, is equal to and is finite. Since 
2 7 
T is a known constant by Eq. 4.21, T - is also a finite quantity. 
Hence c^  must vanish in Eq. 4.22. Therefore, 
= Tg = T = 2)j,h^  = constant, (4.23a) 
throughout the region (i). It should be noted, from Eqs. 4.19 and 4.20, 
that 
\ ' (4.23b) 
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This, however, does not imply that = constant, throughout the 
region. 
It is now appropriate to discuss these results"in the light of the 
governing Eqs. 4.5 to 4.11. Evidently Eqs. 4.6a and 4.6b for a neo-
Hookean material, i.e., = 0, are approximately satisfied for large 
0-1-2 
values of and The Eq. 4.7 is satisfied identically whereas Eq. 
4.8 becomes: 
+ ^2 = T ' (4.24) 
The remaining equations remain as they stand i.e., 
(K^ r) = H . (4.25) 
V = [1 - . (4.26) 
The Eqs. 4.24 to 4.27 provide four relations in the four unknowns K^ , 
Kg, §, P with r being regarded as the independent variable. 
It will be shown that, given the total weight of the enclosed fluid, 
these four equations furnish uniquely the deformed shape of the membrane. 
In this event one is left wondering as to the significance of Eqs. 4.5a 
and 4.5b. Evidently these two have to be satisfied otherwise a solution 
is not admissible. The meaning of Eq. 4.5c is obvious. This equation 
merely states that if and are known, then the extension ratio 
in the direction normal to the membrane may be found. On the other hand 
Eqs. 4.5a and 4.5b in the light of X^  ^ = Xg furnish the relation 
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 ^^  . (4.28) 
r P 
A solution of Eqs. 4.24 to 4.27 implies a functional relation of the 
type 
§ = §(r), (4.29a) 
or 
r = r(§), (4.29b) 
which gives the deformed configuration. However knowing the deformed 
configuration, there is no possible way of finding the undeformed con­
figuration from which the former originated. The only possible equation 
which could yield this information is Eq. 4.28 which is evidently inade­
quate for this purpose since p is not a known function of T|. Thus Eq. 
4.28 cannot be integrated. 
Furthermore, any specific function of the form 
p = pCn) (4.30) 
will satisfy Eq. 4.28, which may now be integrated to yield a relation 
of the type 
F^ (r) = FgCp). (4.31) 
This shows how the undeformed shape is mapped onto the deformed shape. 
Thus the solution obtained here is not one to one in the sense 
that an infinity of undeformed shapes will assume the same deformed 
shape if the material of the membrane is neo-Hookean and the inflation 
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is large. This situation arises, of course, because Eqs. 4.6a and 4.6b 
are satisfied only approximately. 
We now return to the solution of Eqs. 4.24 to 4.27. In view of 
Eq. 4.25; 
dr 
or. 
*1 - *2 = r 5 dr (4.32) 
Also from Eqs. 4.24 and 4.27, we have 
K i  +  % 2  =  r  +  ï f  
K (s)s 
S} - [K,(s)S]^ }^ _ 
ds. 
Subtraction of Eq. 4.32 from Eq. 4.33 yields 
,r _ 
K2(s)s 
.{1 - (s)s]^ \ 
ds. 
(4.33) 
(4.34) 
Rewrite the left-hand side as 
dK- , , 2 
ZK? + r dp- = 7 dF (Sz? ) 
Then Eq. 4.34 becomes 
2. o^^  , wr (V ) = -T + 
- [K^ (s)s]^ _^ 
ds (4.35) 
Integrating, 
K^ r = 2 ^  PoL^w 
2T T 
•X ^ 
t 
K^ (s) ds 1 
(1 - [K2(s)s]2)t 
dt+c^ . (4.36) 
It is pertinent to examine the form of Eq. 4.36 for small values of 
33 
r. For this purpose we make use of the mean-value theorem which says 
that if a function f (x) is continuous in the finite interval [a,b] 
then; 
-b 
f(x)dx = (b - a) f(§). (4.36a) 
a 
a < C < b. 
In view of this theorem and as a result of the continuity of (s), 
K(s)ds 
r~K,(0)t (4.36b) 
I g [1 - s%(s)r •  ^
P 
for vanishingly small values of t, where 1^ (0) = ^  . Thus for values 
of r near zero, Eq. 4.36 becomes, 
= Il H- f (^ ) . (4.36c) 
P 
Atr =  0, constant, hence =  0. Therefore, f or vanish­
ingly small r 
K2(r)3 + 2(|2)f . (4.36d) 
By interchanging the order of integration, the double integral can 
be reduced to a single integral. Detail of the reduction is given in 
Appendix A. Thus 
h I  (i: -
Equation 4.37 is non-linear integral equation of the Volterra type, 
in Kg" The equation contains two parameters; ^  (where w is known 
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beforehand and T is given from Eq. 4.23a and is also known, given and 
h^ ) and which is not known at this stage. Furthermore the range of 
applicability of Eq. 4.37 is unknown, since r^  is also an unknown 
quantity. It may be shown that K^ , by definition, is the normal curva­
ture in the direction of the c^oordinate line, and takes a value of ^  
m 
as r approaches r^ . Thus the denominator of the integrand in Eq. 4.37 
vanishes and the integral appears to be improper when s = r^ . This is 
not true, however, since thé numerator of the integrand also vanishes 
as s -> r^ . By using L'Hospital's rule and taking the limit at s = r^ , 
it is easy to show that the integrand is bounded. Details of the proof 
are shown in Appendix A. Therefore, the integral in Eq. 4.37 converges 
in the interval 0 < r < r . 
— — m 
The solution of from Eq. 4.37 completely defines the normal 
curvature in the direction of the {^ coordinate line on the middle surface 
of the upper deformed membrane. An exact solution for ^ 2 not been 
found, but a numerical solution has been obtained by successive approxi­
mation using numerical methods. The numerical solution is given in 
the following chapter. 
Now consider region (ii) of the deformed membrane. It can easily 
be shown that in this region too T^  = T^  = T. In fact Eq. 4.22 is 
also applicable here and thus again, 
T^  - TJ = -^  . (4.38) 
r 
As a consequence of the continuity conditions discussed earlier, T^  = 
To = T at r = r . This requirement necessitates that c = 0 in Eq. 6 m o 
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4.38 for region (ii). Hence throughout the entire membrane = 
T = constant. 
To find a solution for in region (ii), suppose that in region 
(i) is found as 
= I^ (r,p^ )r (4.39) 
Equation (4.2) then yields 
.r 
y = 
K2(s,P^ )S 
IQ Ll - [K2(s,P^ )S]^ }^ J ° 
ds = y(r,p ) (4.40) 
which defines the deformed cuirve from point A to point in Figure 2. 
To find r we recall that as r = r^ , = ^  , thus by putting r = 
1 ™ 
r , and K, = — in Eq. 4.39 we have 
m z r 
m 
(4.41) 
m 
From which, r can be found in terms of p , that is r = r (p ) for a 
m o m m o 
prescribed value of p^ . 
If y^  denotes the y-coordinate of the point then 
m^ 
•ffc 
K2(s,P^ )S 
<is=y^ (p^ ), (4.42) 
where r (p ) is found from Eq. 4.41. Equation 4.42 indicates that y is 
m o  ^ •'m 
also subject to a prescribed value of p^ . Although the existence of y^  
in Eq. 4.42 is assured by the physical condition of the problem, 
mathematical proof of this fact is given in Appendix A. 
Now consider the lower middle surface of the deformed membrane. The 
y-coordinate of a typical point Q* (r*, y*) is given by 
36 
(4.43) 
as depicted in Figure 2. 
The differential geometry relations for the lower part of the 
membrane can be obtained from Eqs. 4.1a, 4.1b, 4.1c and 4.2 with some 
appropriate sign changes. Specifically Eq. 4.1a is also applicable to 
the lower region but the counterpart of Eq. 4.1b for the lower region 
has a negative sign preceding the term [l - (K^ r)^ ] Similarly the 
counterpart of Eq. 4.1c for the lower region has a negative sign pre­
ceding the right hand side of this equation. Thus, with reference to 
Figure 2, the vertical distance from Q* to Q denoted by d, is: 
K%(s)sds 
X (l - [siÇ(s)f> 
(4.44) 
m 
ds. 
Equation 4.43 becomes 
(4.45) 
The pressure intensity at the point Q* is, from Eqs. 4.3 and 4.45, 
Similar to Eq. 4.35 for we have that for 
ds. (4.46) 
Integrating, 
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At r = r^ , ^  ~ ^  ~ ^  » hence 
m 
2^ ~ 
"p + wy 
o m 
2T m 
Therefore, 
Kj 
-r p •+ wy " 
m , *^ 0 m 
2 2T 
r 
r rr n 1, m /1 -\ ^ V.2 I r V. r' 
w 
Tr 
m m 
* , _ 
K^ Cs): 
- Jr " [K^ (s)s]^ ' 
ds dt 
Interchanging the order of integration and reducing, we have 
* fmCPo) ^ = ~p + wy 1 r rr^-] o m <1 - m 
2T I ^ — w 
2T 
m n I^ (s)s ; 
J (l - [kJ(s)S]^  ^  ^
1 - A 2 (4.47) 
which is an integral equation of the same type as Eq. 4.37 for K^ . Assume 
that its solution being obtained as 
< = 4 (r, p,). (4.43) 
Knowing we have, from Eq. 4,44, the shape of the lower middle surface 
of the deformed membrane through the relation, 
a^ jSo^  I^ (s,p^ )s 
_(i - [<(s.p 
y* - * ds =y*(r, p^ ) . (4.49) 
Equations 4.39, 4.40, 4.48 and 4.49 provide us with complete informa­
tion regarding the normal curvature and the shape of the deformed membrane 
except that the boundary of the contact surface of the membrane and the 
base, remains unknown. To complete the solution let r = r^  at the edge 
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of the contact surface, where r^  is to be found. 
Taking an element of length d| of the deformed membrane at r^  
(point B in Figure 2) and considering the static equilibrium when the 
length d§ shrinks to zero, we find that the tangent to the deformed 
curve a;t r = rb must be continuous to comply with the physical condition 
that no negative pressure is exerted on the membrane from the support. 
trt 
This implies that = 0 at r = r^  and provides us with the means to 
solve for the unknown quantity r^ . Put = 0 and r = r^  into Eq. 4.48 
to obtain 
KJ (r^ , p^ ) = 0, (4.50) 
from which the unknown quantity r^  can be solved as 
=b = :b(Po)' (4.51) 
Knowing r^  and denoting the vertical distance from the point A to B in 
ve, fr( 
r_(p_^  
Figure 2b as y^ , we ha om Eqs. 4.44 and 4.51 
m o 
fb = fm + 
1^ (3,Pq)S 
1^ i{l - [K*(s,p^ )sf^ _ 
ds = y^ (p^ ). (4.52) 
b^ 
To summarize, for a very large deformation in both meridional and 
circumferential directions, the stress in the deformed membrane is 
given by Eq. 4.23a indicating a constant stress field throughout the de-
formed membrane. The normal curvatures and are obtained from the 
integral Eqs. 4.37 and 4.47; the deformed shape is determined completely 
by Eqs. 4.40 and 4.49 while the unknown boundary of the contact surface 
is given by Eq. 4.51. All solutions of the above equations depend on a 
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prescribed value of p^  which is found from the static equilibrium condi­
tion of the whole membrane. This condition is 
ttEP^  + wy^ (p^ )] [r^ (p^ )]^  = (4.53) 
where is the known total weight of the fluid contained in the membrane. 
It is convenient to construct a curve of (p^ ) from Eq. 4.53 
by assuming some appropriate values of p^ . This curve provides us with 
a means of choosing the proper value of p when "W is known for a 
; o t 
specific problem. The ratio of ^  in Eqs. 4.37 and 4.47 can also be 
modified to accommodate a change from a fluid of one type, to another 
whose weight density is different. From this, a family of curves are 
obtained. 
C. Convergence and Uniqueness of the Solution by Successive Approximation 
Tricomi (10) has shown that a general non-linear Volterra equation 
0(x) = f(x) + I F[X, y; 0(y) ] dy (4.54) 
has one and only one solution in the form of an infinite series 
§(x) = 0j^ (x) + [02(x) - (^x) ] + [02(x) - (^x)] + (4.55) 
which converges absolutely and almost uniformly, and its terms can be 
calculated using recurrence formula 
0 (x) = f(x) + I F[x, y; 0 T(y)]dy, (n = 1,2,3, )(4.56) 
n I n-i 
/O 
and 
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0^  (x) = f (x) . (4.57) 
Details of his work are given in Appendix B. In order that the above 
statement be true, three conditions have to be satisfied by the functions 
F and f in Eq. 4.54. These conditions are first that for any pair 
and z^ , we can write 
[F(X, y; Z^) - F(x, y; < a(x,y) j Z^ - Z^J. (4,58) 
and further that we have 
.X 
F[X, y; f (y)]dy < n(x) (4.59) 
0 
where a(x,y) and n(x,y) are functions such that in the domain (0 < y < x 
< h); 
,x „h „x 
I n^ (y)dy <N^  ,1 dx a^ (x,y)dy < 
0^ 0^ 0^ 
(4.60) 
where N and A are two positive finite constants. 
Since the proof on the existence of the solution of Eqs. 4.37 and 
4.47 by the aforementioned technique is beyond the scope of this study, 
we have assumed that a solution exists. In this event what we want to 
know is whether the infinite series given by Eq. 4.55 is convergent and 
the solution thus obtained is unique. Return to the governing integral 
Eq. 4.37 namely. 
K,(s)s 
{l - (s)s]^  ^
ds. (4.61) 
It is clear that the integrand can be put into the form of F in Eq. 
4.54 and the entire equation can be rewritten as 
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K(r) = b + I F[r, s ; K(s)]ds (4.62) 
^0 
where the subscript 2 of the unknown function is dropped for clarity 
p 
and the constant — is replaced by a single letter b. 
Obviously, the condition in Eq. 4.59 is satisfied since the 
integral 
""IT  ^ / o 
F[r, s; b]ds = 
'0 ^0 
w 
2T 
1 - Ms (4.63) 
G -[^')V]} 
exists and is in fact the first approximation we used in some cases for 
our numerical calculation. Since it is also bounded in 0 < r < r , the 
~ m 
first condition in Eq. 4.60 is also satisfied. Also if the solution of 
Eq. 4.61 in K2(r) exists as we have assumed, K^ (r) must be continuous in 
r. For, if (r) is discontinuous at some r, substituting back into 
the integral Eq. 4.61, the integral on the right-hand side would eliminate 
the discontinuity and we would have ^ (^r) on the left-hand side being 
continuous at this r. This leads to a contradiction. Thus (^ ) inust 
be continuous in r. In addition, the integrand of 4.61 is also a con­
tinuous function in r, s, and K2(r) within a domain of 0 < s,r < r^  and 
(r) < ^  . By direct differentiation it can be shown that ^  is 
m 
continuous in z(s) in the range 0 < s < r , 0<r<r where r < r^ . 
This ensures that the Lipschitz condition given in Eq. 4.58 is satisfied 
in this range and therefore, so is the second condition in 4.60. Thus 
the proof of uniqueness and convergence by Tricomi (10) is applicable to 
Eq. 4.61 and the solution we obtained by successive approximation is 
unique in the range 0 < r < r^ . 
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D. Numerical Solution 
We have shown in Section C of this chapter that, by the method of 
successive approximation, a unique solution of the non-linear integral 
Eq. 4.37 (and 4.47) is obtained in the form of a convergent series. 
Integration, however, becomes laborious beyond the first term. Hence, 
the solution is obtained by numerical procedures utilizing IBM 360 high 
speed digital computer. A scheme is developed for the solution of the 
governing equations as follows. 
First, the various physical constants have to be assigned. Con­
sider a membrane made of neo-Hookean material having a shear modulus of 
(Ji = 50 psi, (9). The initial thickness of the membrane is taken as 
2h^  = 0.02 inch. In the first calculation water is used as the inflating 
fluid whose weight density is w = 52.4/1782 = 0.032 lb. per cubic inch. 
The pressure at the crown, p^  is assumed to be 0.8 lb. per square inch. 
Thus we have 
T = 2tih^  = 2(50) (0.01) = 1.00 lb. per inch, 
 ^= 0.032/2.00 = 0.018 (inch)'^  , 
 ^= 0.8/2.00 = 0.400 (inch)"^  
p 
and all linear dimensions are in inches. The two parameters — and — 
2T 2T 
are then varied to cope with the changes in the density of the fluid and 
the pressure at the crown. These changes do not necessarily refer to any 
practical problem, but are made so that their effects on the deformed 
shape of the membrane can be evaluated. 
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The numerical solution is obtained through the following steps: 
1. The first approximation to K^ Cr) in Eq. 4.37 is the straight 
p Pq 
line (r) = — for  the cases where — = 0.40 or 0.50. For other values 
p 
of ^  the first approximation is 
= (fe + + (-^ 3^ )C(1 - \ - l] 
Po 3p r^  4T^  
o 
obtained by substituting K^ ^^ C^r) = ^  into the integrand of Eq. 4.37 and 
integrating out. These choices were made to obtain maximum speed of 
convergence and thus to reduce the computer time. With a five-point 
numerical quadrature routine, K^ ^^ C^r), where denotes the nth 
iterated value of K2(r), is then computed according to Eq. 4.37, namely, 
(n = 1, 2 ,  . . . , oa) 
at fixed value of r. The step size of r used is 0.01 so that (r) 
is calculated for values of r = 0, 0.01, 0.02, 0.03, ...., r^  , N being * 
such that BL (r^ ) is less than — but greater than —— , see Figure 4. 
. N^+1 
We have in each calculation, 0 < r^  ^- r< 0.01 where r^  is the sup­
posedly intercepting point of K2(r)and g curves. The (r) curve is 
i t e r a t e d  u n t i l  t h e  c h a n g e  b e t w e e n  s u c c e s s i v e  i t e r a t i o n  o f  ^ 2 l e s s  
than 0.05%. The point r^  is then approximated by linear extrapolation 
on the curve of K2(r) and — . Finally K2(r^ ) is set equal to — . 
m 
2. Now y(r) is found from Eq. 4.28, i.e.. 
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, r. 
y(r) =  ^
0 
%2(s), 
.{"l - [K(s)S]^ 3^ _ 
ds 
by integrating over the same discrete values of r between 0 and r^  as 
used for K.(r) in step 1. The value of y(r ) = y is approximated by a / mm
linear extrapolation on the last two points computed on the y(r) curve, 
i.e., on y(rjj) and yCr^  - 0.01). 
3. The integration procedure to determine K^ Cr) in Eq. 4.47 
begins at r = r . It is known that K''(r ) = — . Other values of 
m z m r 
* ™ 
K^ (r) are computed for r = r^  - 0.01, r^  - 0.02, until r approaches 
0.02 this being a convenient small number. On each iteration the value 
of r at which K^ (r) assumes its least positive value is denoted Nr^ . 
That is, K^ CNr^ ) > 0 and K*(Nr^  - 0.01) < 0. Iteration continues until 
the maximum change on K^ (r) for any r > Nr^  is equal to or less than 0.1% 
between successive iterations. The point r^  is then approximated by 
linear interpolation between K^ (Nr^  - 0.01) and K^ CNr^ )^ as illustrated in 
Figure 5. 
4. With specific reference to the value Nr^  of the final iteration, 
then for Nr^  <r - 0.02 the curve y*(r) is computed by integrating 
over the same discrete values of r as used for K*(r). The first point 
obtained by numerical integration is y*(r^  - 0.02). Then y*(r^ ) is set 
equal to y found in step 2 and y*(r - 0.01) is approximated by linear 
m m 
interpolation between y*(r^ ) and y*(r^  - 0.02). Finally y*(r^ ) is ap­
proximated by linear extrapolation from the known point y*(Nr^ ). For 
0 < r < r^ , y*(r) is set equal to y*(r^ ). 
In accordance with the above scheme, a computer program was written. 
Figure 4. r^ ,^ r^  ^in step 1 
Figure 5. r^ , Nr^  in step 3 
46 
Nrb-aOl^ f^ Nrfc 
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Listing of the program is given in Appendix D. 
Altogether, twenty four deformed profiles are obtained corresponding 
p 
to various values ^  and — assigned to the problem. One typical set 
of the deformed profiles shown in Figure 6 illustrates the effect of the 
crown pressure p^  upon the deformation of the membrane when the inflating 
fluid is water. It can be seen that the pressure p^  decreases as the 
fluid increases its quantity. This is so, because from Eq. 4.13, that 
P, = 2TK, 
where K stands for the normal curvature at the crown A. Thus, increasing 
the quantity of the fluid flattens the deformed shape of the membrane. 
This in turn reduces the normal curvature K at the crown and hence 
lowers the pressure p^  since p^  is directly proportional to K as indi­
cated in the above equation. 
Figure 7 shows the effect of the fluid density, w, on the deformed 
profile of the membrane when the crown pressure p^  is kept constant. 
A more meaningful physical situation can be visualized from Figure 8. 
Here a set of deformed profiles is given for a membrane containing the 
same volume of fluids each of which has a different weight density. 
The picture may also be interpreted as showing the variation of the 
deformed profile for a membrane with fixed volume of fluid of fixed 
weight density when subjected to a varying gravitational field. 
The "W^ Cp^ ) curves are shown in Figure 9. On the other hand. Figure 
10 shows V(p^ ) curves where V is the volume of the enclosed fluid. These 
curves are obtained from (p^ ) curves using the relation 
Figure 6. Effect of the crown pressure, p , on deformed profile (w -
0.035) ° 
Figure 7. Effect of fluid weight density on the deformed profile when p 
is constant (p^  = 0.5 psi) 
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pQ = 0.300 psi 
1.0 20 30 4.0 50 60 70 (in.) 
w = 0.036 lb/in? 
w = 0.080 lb/in.2 
w =0.120 lb/in.3 
w= 0.200 lb/in.3 
w= 0.300 Ib/ia^ 
6.0 inO 
3.0 4.0 (in) 
Figure 8. Deformed profiles of membranes having same volume of fluids of 
different weight density (V = 100 in^ ) 
3.00 
2.00 
1.00 
0.036 lb/in? 
0.080 Ib/in.^ 
0.120 lb/in.3 
0.200 Ib/in5 
0300 lb/in? 
3.00 4.00 (in.) 
Figure 9. Weight of fluid vs. crown pressure 
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30.0-
20.0-
CD 
w = 0.300 !b/in.'^ 
w=0.200 Ib/in.^ 
w=0.120 Ib/in.^ 
w =0.080 Ib/in.^ 
w=0.036 Ib/in.^ 
0.500 
Crown pressure PQ ( psi ) 
1.000 
Figure 10. Volume of fluid vs. crown pressure. 
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w = 0.036 ib/in.^ 
-w= 0.080 lb/in? 
•w= 0.120 ib/in.3 
w= 0.200 lb/in? 
•w= 0.300 lb/in.2 
0500 1.000 
Crown pressure p^Cpsi) 
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Wj.(PQ) =wV(P^ ), 
where w, as we recall, is the weight density of the fluid. 
In Appendix C another four sets of deformed profiles are shown in 
Figures 12 to 15. These curves illustrate the effect of the pressure p^  
!=-
on the deformation for different types of fluids other than of water 
which is shown in Figure 8. Also given in the Appendix are Figures 16 
to 20 which are nothing but the by-products of the results given in 
Figure 5 and Figures 12 to 15. We construct these curves for the pur­
pose of obtaining the deformed profiles shown in Figure 8. We call 
those curves in Figures 18 to 20 the d^  curves where d^ , for some value 
of p^ , is the vertical distance, measured from the horizontal base, to 
the points where radial lines, emanating from the center of the base, 
intersect the deformed profile. A graphical method of finding d^  is 
shown in Figure 11. 
Finally, tables are also provided in Appendix C giving the y-
coordinates as defined in Figure 2b, of each deformed profile. Since 
the complete solution given by the computer output is too long to be 
reproduced here, we only choose eleven points for one-half of the de­
formed curve sufficient for the construction of Figures 6 and 12 to 15. 
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k 
Qz Q2 
1 
(a) Typical deformed profiles in 
Figures 6 and 12 to 15 
(b) Typical d^ Cpo) curves in 
Figures 16 to 20 
Figure 11. Construction of d^ Cp^ ) curves from known deformed profile 
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V. DISCUSSION AND CONCLUSIONS 
The theory of axially symmetric membranes has been applied to the 
problem of inflation by a linearly varying inflating pressure. Under 
the assumptions made, the determination of the stress field in the de­
formed membrane becomes possible. The main task is then reduced to 
determining the deformed shape of the membrane. This is accomplished by 
solving a non-linear integral equation of the Volterra type. Also, as 
a result of the assumption that the deformation is large, the principal 
extension ratios and are found to be equal. Consequently, they 
become indeterminate in Eqs. 4.19 and 4.20. The constitutive laws do 
not enter into the deformation explicitly. Hence Eqs. 4.37 through 
4.53, which define the deformed shape of the membrane, involve only the 
equilibrium and the kinematics of the deformed state. As has been 
pointed out in Chapter III, the initial configuration of the membrane 
has no effect on the deformed profile. The same conclusion may be 
drawn by another way of reasoning. Consider the constitutive law in 
Eq. 4.18. If and are equal, as has been found previously for 
large deformation, the stress resultant T^  is a function of one of the 
extension ratios, say, X^ . As the deformation becomes larger and 
larger, T^  approaches the constant 2|J,h^  asymptotically. When the deforma­
tion is very large, T^  can be taken as equal to Zph^ . What is more 
significant is that the one to one correspondence between T^  and 
(a = 1, 2) no longer exists when very large deformation is imposed. 
Physically, the membrane tends to forget its initial configuration. The 
deformed profile, as indicated by Eq. 4.53 is obtained by knowing the 
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total weight of the fluid in the membrane and nothing else. Moreover, 
it is possible to have such a large weight of fluid that the deformed 
profiles of two membranes having different initial configurations become 
almost identical. Since the only assumption made in the derivation of 
the governing equations in Chapter III and IV is that the membrane is 
axially symmetric undergoing very large deformation, all equations can 
be applied to other inflation problems under the present system of de­
forming forces subjected only to the constraint of different boundary 
conditions. Also different variations (not necessarily linear) of the 
inflating pressure can be accommodated. The problem has been solved 
only for a neo-Hookean material. A study could be made of similar 
problems for a more general type of incompressible elastic material, by 
using Eq. 4.4 and the nine governing equations given in section B of 
Chapter III. Such a study, however, is likely to prove much more complex. 
Finally, it should be noted that the above solution is also applicable 
to determining the deformation of a liquid drop which does not wet the 
supporting surface when surface tension is given and the weight of the 
drop can be measured from the experiment. 
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VIII. APPENDIK A 
A. Reduction of the.Double Integral Into a Single Integral 
The governing equation for the solution of is Eq. 4.37 of 
Chapter IV, i.e., 
(l - [^ (s)s]^ )^  
which is obtained from Eq. 4.36 which involves a repeated integral as 
follows : 
The repeated integral may be considered as a double integral over 
the triangular region shown in Figure 11a, with the first integration 
along s-direction (shown as dotted strip) and then along the t-direction. 
By changing the order of. integration, i.e., by integrating along t-
direction first and then along s-direction (shown as the solid strip), we 
obtain 
r 
I -  ^ JL{l - ds 
or 
i 
.r 
ds 
as given in Eq. 4.37. 
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M S = t 
Figure lia. Triangular region of double integral 
B. Convergence of the Integral of Equation 4.37 
The integral in Eq. 4.37 i.e., 
,r 
[1 -
2^(3)3 
_(l - [K2<s)sf>_ 
ds 
is well defined and is finite in the domain 0 < r < r . While the 
m 
equation is valid for the range of 0 < r < r^ , we want to investigate 
its behavior at r = r . Denote the integrand in the above when r = r 
m m 
as 
F(s) = [1 -
m 
s 
__{l - [K2(S)S]^ }^ _ 
As s approaches r^ , both the numerator and the denominator become zero 
and we have 
° 0 • 
To see the limit of F(r ) exists we apply L'Hospital's rule to F(s) 
m 
Write 
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Since 
F(s) = G(s)H(s) = 
(f-)' 
m K^^ Cs) 
lim 
s -* r 
H(s) = lim [sK^ Cs)] = 1, 
m 
s -* r 
m 
lim G(s) = lim 
s r 
m 
s -» r 
m 
1 - (f-)^  
m 
= lim 
s -• r 
m 
(l - [K2(s)sf>^  
{l - [K2(s)s]2)& 
dK-(s) 
[K2(s)S][S ——— + K^ Cs)] 
because the terms in the denominator 
dKzfs) 
ds s=r 
= [K (^S) - K^CS)] 
m 
= finite 
s=r 
m 
as a result of Eq. 4.14 and 
K^ Cs)! 
s=r 
= 1, K^ (s) 
m 
s=r m 
m 
Hence, 
lim [F(S)] = 0. 
s r 
m 
and the integral exists at r = r 
m 
C. Convergence of the Integral of^ Equation 4.42 
Piperpont (7) has shown that for an improper integral 
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J = I f(x)dx (8.1) 
where f(x) is regular in the interval I(a,b) except at a is absolutely 
integrable in I, if for some 0 < ji < 1 and M > 0, there exists a 
vicinity V*(a) such that 
(x - a)^  f (x) < M, in V*. (8.2) 
In our case, Eq. 4.42, i.e., 
•^ m K (r)r 
= I 7 yriT dr (8.3) 
-Jo (l -
becomes improper at r = r^  since 
IC(r )r = 1. (8.4) 
z m m 
If we denote the integrand in Eq. 8.3 as f(r), i.e., 
K,(r)r 
f(r) = 7 ^ (8.5) 
(l - [K^ (r)rf)^  
and if we define a function 
in the interval 0 < r < r we can investigate the behavior of f(r) in 
— — m 
Eq. 8.5 according to Eq. 8.2. 
Since the analytical solution of K2(r) has not been found we can 
only show numerically whether the condition in Eq. 8.2 is satisfied. 
To do this, we choose at random from one of our twenty-four sets of 
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numerical results obtained for the case when p = 1.20 psi, w = 0.036 
3 0 9 lb/in and r = 1.6402 in. We calculate the value of (r - r) ' , f(r) 
m m 
and the product of the two at each fixed r. It is evident from Table 1 
that the product of the two is everywhere bounded except at r = r^  
where we have (0) X (=»). Thus the condition in Eq. 8.2 is satisfied. We 
may conclude that the integral in Eq. 8.3 converges and exists. 
Table 1. Numerical values for proof of convergence of y^  
0.000 1.6402 1.5620 0.00000 0.00000 
0.100 1.5402 1.4870 0.06011 0.0894 
0.200 1.4402 1.3886 0.12090 0.1679 
0.300 1.3402 1.3020 0.18307 0.2417 
0.400 1.2402 1.2120 0.24742 0.2999 
0.500 1.1402 1.1254 0.31488 0.3544 
0.600 1.0402 1.0361 0.38661 0.4006 
0.700 0.9402 0.9460 0.46408 0.4390 
0.800 0.8402 0.8600 0.54929 0.4724 
0.900 0.7402 0.7623 0.64508 0.4917 
1.000 0.6402 0.6700 0.75568 0.5063 
1.100 0.5402 0.5741 0.88783 0.5097 
1.200 0.4402 0.4781 1.05323 0.5031 
1.300 0.3402 0.3785 1.27463 0.4824 
1.400 0.2402 0.2779 1.60478 0.4460 
1.500 0.1402 0.1708 2.21075 0.3776 
1.600 0.0402 0.0552 4.31965 0.2384 
1.640 0.0002 0.0004 54.52182 0.0022 
1.6402 0.0000 0.0000 — — — — 
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IX. APPENDIX B 
In the following we give the complete detail of Tricomi's work (10) 
on the existence, convergence and uniqueness of the solution by succes­
sive approximation of a nonlinear integral equation of the Volterra 
type.• 
Consider a general non-linear Volterra integral equation 
0(x) = f(x) + 1 F[X, y; 0(y)]dy . (9.1) 
-^ 0 
To be precise, it is sufficient to suppose that for any pair and 
we can write 
|F (X, y; z^ ) - F(x, y; ZG)] <a(x,y)j z^  - z^  |, , (9.2a) 
and further, that we have 
.X 
F[X, y; f(y)]dy 
'0 
< n(x) (9.2b) 
where a(x,y) and n(x) are any two L^ -functions, i.e., two functions such 
that in the entire basic domain (0 < y < x < h) we have 
n^ (y)dy < , I dx 1 a^ (x,y)dy <M^  , (9.3) 
'O 0^ >0 
where and are two positive constant. Alternately, putting 
»x 
a^ (x,y)dy = A^ (x) (9.4) 
'0 
the second condition can be written as 
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(x)dx <M^  . (9.5) 
We attempt to obtain the solution of Eq. 9.1 as the limit of a 
sequence 0^  of functions whose first element is the given function 
0^ (x) = f(x); the other elements are calculated by the recurrence 
formula 
0 (x) = f(x) + I F[X, y; 0 . (y)]dy (n = 1, 2, ). (9.6) 
n / n-i 
Vn 
First, we have 
0^ (x) - 0q(X) F[x, y; f(y)]dy < n(x). 
and in general 
F[X, y; 0^ (y)] - F[x, y; $^ _^ (y)] 
dy 
ti—J. 
(n = 1, 2, 3 ....) 
< I a(x,y) 
' 0  
0^ (y) - 9^ _]^ (y) 
dy 
from which, using the Schwarz inequality (see Ref. 10, page 14), it fol­
lows that 
FX X 
[0jj+l(x) - ^(x)]^ < I a^ (x,y)dy I [0^ (y) - 0 _^i(y)]^  dy 
0^ vo 
= A^ (x) I [0^ (y) - 9^ _]^ (y)]^  dy. 
0^ 
Consequently we have 
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[0]_(x) 
[9^ (x) 
CdyCx) 
[4^ (x) 
0n ^ (x) , 
0j_ (x) (x) I (y) dy < (x), 
r-
<^ 2 (x) ]^  < N^ A^  (x) I A^  (y)dy, 
h 
0 (x)]^  < (x) 1 A^  (y)dy j A^ (z)dz, 
and thus we see in general 
~ <A^ (x) ^  
• X 
n+1 nl A (y)dy 
2n 
< N^ A^ Cx) fj- , 
I.e., 
< NA(x) K 
7^ 
(n = 0, 1, 2, ....), 
But this shows that the infinite series 
§(x) = 0j^ (x) + [^ (x) - (^x) ] + [02 (x) - Ç^ (x)] + ...-., (9.7) 
whose nth partial sum is 0^ (x), converges absolutely wherever A(x) is 
finite, since (neglecting its first term) it admits the majorant 
which is always convergent; hence we have 
lim 0 (x) = §(x). (9.8)  
n -» ® 
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and the series converges almost uniformly in the sense that the function 
A(x) may become infinite on a subset (0,h) of measure zero. 
Now, in order to prove that the limit function §(x) is a solution 
of the given Eq. 9.1, we set 
2(x) = 0^ (x) + R.^ (x), (9.9) 
and we observe that &^ (x) is an L^ -function such that 
lim I (x)dx = 0, 
n - œ JQ 
because 
R^ Cx) 
S . . m  
Further we observe that from Eqs. 9.6 and 9.9 it follows that 
.X 
5(x) - f(x) F[x, y; §(y)]dy = 
+ I {f[x, y; 9^ _^ (y)] - F[x, y; §(y)]}dy, 
Jo 
and consequently 
|§(x) - f(x) -^  F[X, y; §(y)] dyj 
< 2R^ '^ (x) + I a(x,y) dy 
But using the Schwarz inequality 
.X 2 cX pïi 
a(x,y) R^ _^ (y) dyj < (x) I R^ _^ (y)dy < (x) I R^ _^ (y)dy, 
0 J 0 JQ 
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hence 
r 2 
§^(x) - f(x) - I F[x, y; ê(y)]dy} dx 
0 0^ V 
< 2 I R^ (^x)dx + 2%^  j R^ _^ (y)dy, 
'O 0^ 
and, passing to the limit for n -* m, this shows that the integral on the 
left is zero everywhere A(x) is finite, i.e. that §(x) satisfies Eq. 
9.1 almost everywhere. 
Moreover, if f(x) belongs to the class l.^ , §(x) .belongs also to 
this class, since the functions (^ (x) are all L^ -functions and the 
series 9.7 converges almost uniformly. 
Finally, we shall prove that ë(x) is the unique solution of the 
given Eq. 9.1 in the space L^ , neglecting almost everywhere vanishing 
functions. 
In fact if there is another solution §* of the class of the same 
equation, we have 
§(x) - §*(x) = 1 F^[x,y; 3(y)] - F[x,y; §*(y)]^ dy, 
^0 
and, by methods similar to those used above, it follows that 
.X 
[2(x) - §*(x) r <{ F[x,y; §(y)] - F[x,y; §*(y)] 
2 
dy 
a(x,y) $(y) - 5*(y) dy 
_x 
a^ (x,y)dy I [ê(y) - 9*(y)]^ dy, 
i.e. 
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Cë(x) - §*(x)]^  < (x) j [ç(y) - $*(y)]^dy. (9.10) 
Consequently, if, for the sake of brevity, we put 
.h 
[ê(y) - 2*(y)]^ dy = k"^  
'0 
with successive substitutions into Eq. 9.10 we have 
[§(x) - ê*(x)]^  < k^ A^ (x), 
.X 
[«(x) - S*(x) ]^  < k^ A^ (x) I A^ (y)dy, 
ix -y 
[§(x) - 5*(x)]^  < k^ A^ (x) I A^ (y)dy I A^ (z)dz 
and in general. 
[sCx) - #*(x)]^  < k^  ^  A^ (x)dx 
L.JO 
n 
< k' 2 
n: 
Passing to the limit for n -• ® we obtain the statement. 
Thus we have proved that the non-linear Volterra equation of the 
second kind, i.e. Eq. 9.1, where f and F are L^ -functions satisfying 
conditions in Eqs. 9.2, 9.2a, and 9.3, has one and essentially only one 
solution g(x) of the class L^ . This solution is the series, in Eq. 9.7, 
which converges absolutely and almost uniformly, and its terms can be 
calculated using recurrence formula in Eq. 9.6. 
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APPENDIX C 
3 Figure 12. Effect of the crown pressure, p^ , on deformed profile (w = 0.080 lb/in ) 
Pq= 0.300 psi 
PQ= 0.500 pci 
PQ= 0.800 psi 
Po= 1.000 psi 
-5.00 (in.) 
-4.00 
-2.00 
-1.00 
1.00 
3 
Figure 13. Effect of the crown pressure, p^ , on deformed profile (w = 0.120 lb/in ) 
Po= 0.200 psi 
pQ= 0.300 psi 
Po= 0.500 psi 
Pg = 0.800 psi 
Po= 1.000 psi 
3 
Figure 14. Effect of the crown pressure, p , on deformed profile (w = 0.200 lb/in ) 
Pq= 0.200 psi 
Pq= 0.300 psi 
Pq= 0.500 psi 
Pq = 0.800 psi 
Pq= 1.000 psi 5.00 in. 
\o 
1.00 2.00 3.00 4.00 5.00 (in.) 
Figure 15. Effect of the crown pressure, p^ , on deformed profile (w = 0.300 Ib/in^ ) 
PQ " 0.300 poi —y 
Pq= 0.500 psi—y 
Pq= 0.800 psi—A 
Po= 1-000 psi— 
-4.00 
-2.00 
-1.00 
2.00 ^ 
3 
Figure 16. curve for w = 0.036 lb/in 
S3 
A  
I 
=90' 
8.0 
6.0 
4.0 
0.500 1.000 
Pq ( p s i )  
3 
Figure 17. d^ (p^ ) curve for w = 0.080 lb/in 
Figure 18. d^ (p^ ) curve for w = 0.120 Ib/in^  
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Figure 19. d^ (pQ) curve for w = 0.200 lb/in 
Figure 20. d^ Cp^ ) curve for w = 0.300 Ib/in^  
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Table 2. Deformed profile, p^  = 0.300 psi, w =; 0.036 
Volin3 
(^in) y (in) 
0.000 0.00000 
1.150 0.10024 
3.000 0.73096 
4.100 1.49440 
4.700 2.13252 
5.200 2.92303 
5.613 (V 4.56770 
5.333 5.66872 
4.833 6.47550 
4.233 7.00598 
2.974 (^ b) 7.40021 
Table 3. Deformed profile, p« = 0.500 psi, w = 
0.036 lb/in3 
'^ (in) (^in) 
0.000 0.00000 
0.900 0.10276 
2.000 0.54210 
2.500 0.89662 
3.000 1.41178 
3.400 2.05511 
3.699 (V 3.23173 
3.419 4.22862 
3.069 4.77537 
2.719 5.12546 
1.467 (fb) 5.60445 
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Table 4. Deformed profile, p^ = 0.800 psi, w = 
0.036 lb/in3 
(^in) (^in) 
0.000 0.00000 
1.000 0.20926 
1.300 0.36640 
1.600 0.58429 
1.900 0.88997 
2.200 1.36304 
2.416 (V 2.22196 
2.086 3.15441 
1.786 3.52155 
1.386 3.81665 
0.679 4.01223 
Table 5. Deformed profile, p^  = 1.000 psi, w = 
0.036 Ib/in^  " 
(^in) (^in) 
0.000 0.00000 
0.650 0.10869 
0.900 0.21441 
1.200 0.40189 
1.500 0.68398 
1.750 1.05535 
1.955 (r J 
1.855 
1.81431 
2.21903 
1.455 2.86725 
0.955 3.21511 
0.454 (r^ ) 3.33127 
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Table 6. Deformed profile, p^ = 1.200 psi, w = 
0.036 lb/in3 
(^in) y(in) 
0.000 0.00000 
0.600 0.11185 
0.900 0.26453 
1.200 0.51309 
1.500 0.95852 
1.600 1.25395 
1.640 (V 1.67014 
1.540 2.04233 
1.190 2.57712 
0.740 2.87671 
0.339 2.96150 
Table 7. Deformed profile, p_ = 0.300 psi, w = 
0.080 Ib/in^  
'^ (in) y (in) 
0.000 0.00000 
1.150 0.10062 
2.000 0.31381 
3.400 1.00651 
4.200 1.72851 
4.800 2.71785 
4.996 (V 3.62510 
4.516 4.87407 
4.216 5.20050 
3.866 5.44388 
3.062 5.65839 
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Table 8. Deformed profile, p^  = 0.500 psi, w = 
0.080 lb/in3 
(^in) (^in) 
0.000 0.00000 
0.900 0.10300 
1.500 0.29567 
1.900 0.49101 
3.000 1.49396 
3.300 2.07691 
3.455 (V 2.84244 
3.285 3.49050 
2.685 2.29999 
2.485 4.43850 
1.728 4.65896 
Table 9. Deformed profile, p^  = 0.800 psi, w = 
0.080 lb/in3 
(^in) (^in) 
0.000 0.00000 
0.700 0.10026 
1.000 0.20993 
1.350 0.40071 
1.600 0.59083 
2.100 1.21987 
2.332 (V 2.10616 
2.142 2.72857 
2.042 2.90329 
1.542 3.39765 
0.892 (fb) 3.59667 
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Table 10. Deformed profile, for p_ = 1.000 psi, 
w = 0.080 Ib/in^ 
(^in) (^in) 
0.000 0.00000 
0.650 0.10882 
1.150 0.36709 
1.350 0.53243 
1.550 0.75559 
1.800 1.20736 
i.907 (V 1.69985 
1.818 2.05371 
1.518 2.57084 
1.068 2.91409 
0.610 (::b) 3.02381 
Table 11. Deformed profile, for p» = 0.200 psi, 
w = 0.120 lb/in3 ° 
(^in) (^in) 
0.000 0.00000 
1.450 0.17039 
2.500 0.33369 
3.500 0.70199 
4.500 1.30072 
5.500 2.53475 
5.824 (V 3.56039 
5.244 4.81030 
4.844 5.11055 
4.644 5.20059 
4.143 (fb) 5.29064 
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Table 12. Deformed profile, for p^ = 0.300 psi, 
w = 0.120 Ib/in^ 
 ^(in)  ^(in) 
0.000 0.00000 
1.200 0.11011 
2.200 0.38879 
3.400 1.04793 
4.000 1.62455 
4.500 2.49430 
4.638 (V 3.16346 
4.118 4.33527 
3.868 5.55861 
3.518 4.75374 
3.009 (fb) 4.85564 
Table 13. Deformed profile, for p_ = 0.500 psi, 
w = 0.120 Ib/in 
(^in) (^in) 
0.000 0.00000 
0.900 0.10322 
1.500 0.29757, 
2.200 0.69334 
2.750 1.21666 
3.100 1.78590 
3.291 (r ) 2.68940 
3.131 m 3.25940 
2.781 3.77659 
2.331 4.09173 
1.831 (^ b) 4.20447 
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Table 14. Deformed profile for p^ = 0.800 psi, 
w = 0.120 Ib/in^ 
^^ in) (^in) 
0.000 0.00000 
0.700 0.10039 
1.000 0.21054 
1.600 0.59693 
1.950 0.99943 
2.200 1.53617 
2.269 (V 1.91738 
2.129 2.40836 
1.879 2.80342 
1.429 3.14936 
0.971 (fb) 3.25711 
Table 15. Deformed profile for p = 1.000 psi, 
w = 0.120 lb/in3 
\^in) (^in) 
0.000 0.00000 
0.650 0.10895 
0.950 0.24206 
1.250 0.44668 
1.500 0.70084 
1.800 1.26077 
1.870 (V 1.90087 
1.750 2.30630 
1.650 2.49469 
1.450 2.73772 
0.744 (fb) 3.04351 
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Table 16. Deformed profile, for p^ = 0.200 psi, 
w = 0.200 Ib/in^ 
=\in) y (in) 
0.000 0.00000 
1.400 0.10097 
2.800 0.44466 
4.000 1.06812 
4.500 1.51636 
5.100 2.73319 
5.116 (V 2.88375 
4.896 3.53541 
4.546 3.94413 
4.296 _ 4.10455 
3.788 H' 4.22176 
Table 17. Deformed profile for p» = 0,300 psi, 
w = 0.200 lb/in3 
'^ (in) (^in) 
0.000 0.00000 
1.150 0.10165 
2.150 0.37970 
3.150 0.93053 
3.750 1.53767 
4.050 2.09630 
4.165 (V 2.64919 
4.025 m 3.13880 
3.625 3.67697 
3.325 3.86298 
2.872 (s) 3.96071 
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Table 18. Deformed profile, for p_ = 0.500 psi, 
w = 0.200 Ib/in^ 
'^ (in) (^in) 
0.000 0.00000 
1.250 0.20465 
1.800 0.44970 
2.500 0.99791 
2.900 1.60752 
3.000 1.90163 
3.051 (V 2.32986 
2.871 2.87944 
2.671 3.16112 
2.371 3.39947 
1.862 (fb) 3.54120 
Table 19. Deformed profile, for p_ = 0.800 psi, 
w = 0.200 lb/in3 
(^in) (^in) 
0.000 0.00000 
0.700 0.10066 
0.900 0.16954 
1.200 0.31385 
1.500 0.52136 
1.950 1.05191 
2.165 (V 1.76353 
2,025 2.21385 
1.825 2.51468 
1.525 2.75615 
1.070 (fb) 2.88052 
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Table 20. Deformed profile, for p_ = 1.000 psi, 
w = 0.200 Ib/in^ 
(^in) (^in) 
0.000 0.00000 
0.650 0.10920 
0.900 0.21659 
1.300 0.49682 
1.450 0.65502 
1.700 1.06917 
1.806 (y 1.52317 
1.596 2.07288 
1.396 2.30500 
1.146 2.47278 
0.789 2.55466 
Table 21. Deformed profile, for p» = 0.200 psi, 
w = 0.300 Ib/in 
(^in) (^in) 
0.000 0.00000 
1.400 0.10223 
2.200 0.26938 
3.200 0.65291 
3.700 0.96894 
4.300 1.60875 
4.575 (V 2.42970 
4.385 2.96254 
4.035 3.33833 
3.885 3.42092 
3.482 3.51120 
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Table 22. Deformed profile for p^ = 0.300 psi, 
w = 0.300 Ib/in^ 
(^in) (^in) 
0.000 0.00000 
1.150 0.10251 
2.200 0.41329 
2.900 0.81037 
3.400 1.29387 
3.750 2.01925 
3.784 (V 2.26423 
3.664 2.66167 
3.514 2.91223 
3.164 3.21616 
2.712 (fb) 3.33290 
Table 23. Deformed profile for p. = 0.500 psi, 
w = 0.300 Ib/in 
(^in) (^in) 
0.000 0.00000 
1.000 0.12956 
1.800 0.46127 
2.400 0.95288 
2.600 1.22492 
2.800 1.70272 
2.840 (r ) 1.94028 
2.710 m 2.35423 
2.510 2.65092 
2.310 2.82197 
1.808 2.97982 
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Table 24. Deformed profile for p_ = 0.800 psi, 
w = 0.300 Ib/in^ 
(^in) (^in) 
0.000 0.00000 
0.700 0.10099 
1.000 0.21332 
1.300 0.38023 
1.600 0.62636 
1.950 1.13765 
2.063 (V 1.61674 
1.923 2.03200 
1.723 2.30185 
1.523 2.45415 
1.122 (fb) 2.56614 
Table 25. Deformed profile for p_ = 1.000 psi, 
w = 0.300 lb/in.3 
'^ (in) (^in) 
0.000 0.00000 
0.650 0.10952 
0.900 0.21793 
1.250 0.45921 
1.400 0.61190 
1.600 0.91107 
1.739 (V 1.39892 
1.599 1.80237 
1.399 2.06259 
1.249 2.17619 
0.845 (fb) 2.29786 
100 
APPENDIX D 
101 
LISTING OF FORTRAN PROGRAM 
DIMENSION R1 ( 1C 3 ) , P R E VK ( 10 ^ ; 5 ) , F R ( 1C 0 5 ) , PT S ( 10 0 5 ), 
1 SU8SK(1C:5) 
DIMENSION FUNC(10U5),%YA(10:5),YR(1C05),RYRST(1005), 
1 YRSTdCCS) 
DIME NSI ON XLAB(5),YLAS(5),GLAPI 5),DLA8(5) 
READ(1,2) C,W,E,TUL%1,TULR2 
2 FORMATt5F1D.0) 
C1=2.*C 
W1=2.*W 
N=1./(C*E) 
Rl(l)= 
FR(1)=0 
DO IC 1=2,N 
R1(I)=E*(I-1) 
10 FR(I)=1./R1(I) 
C 
C GENERATE ANC PRINT K2(R) 
C 
CALL K2CURV(N,C,W,E,FR,PERR,R M,XK2RM,FU NC,R1,PREVK,PTS, 
1 SU8SK,T0LR1) 
WRITE(3,5) 
5 FORMAT(SIS) 
N1=N-1 
WRITF(3,25)(RI{I),FR(I),PREVK(I),1=1,NI,5) 
25 F0RMAT(21X,2Rj,lHX,%l/R3,16X,aK2(R)a,//,(F25.3,2F20.S)) 
WRITE(3,20) Kl(N) ,FR ( N ) , PREV!< ( N ) , RM, XK2RM 
20 F0RMAT(/,F25.3,2F20.5,/,3 EXTRAPOLATED RM =a,F9.5,7X, 
1 aEXTRAPOLATPU K2(RM) =3,F1C.5) 
C 
C GENERATE AND PRINT Y(R) 
C 
CALL YCURVE(N,E,KM,Yl,FUNC,RI,PREVK,RYR,YR) 
WRITE(3,45)(RYR(I),YR(I),I=1,N1,5) 
45 F0RMAT(21S,16X,2Rô],16X,5Y{R) 2 ,//, ( F2C . 3 , F 2C . 5 ) ) 
WRITE(3,50)RYR(N) ,YR{N) ,RiM,Yl 
50 FORMAT{/,F20.3,F20.5,/,F22.5,F18.5,S ( EXTRAPOLATED ) 5; ) 
C 
C GENERATE AND PRINT K2*(R) 
C 
CALL KSTAR(N,C,W,E,RM,PERR,RE,R1,PREVK,FR,FUNC,PTS,NRB, 
1 T0LR2,Y1) 
WRITE{3,5) 
WRIT£(3,4o) (RKI ),PREVK(I) ,I=2,N1,5) 
48 FORMAT(i6X,2Rà,16X,3K2*(R)2,//,(F20.3,F20.5) ) 
WRITE(3,52) RI(N),PREVK(N) 
52 FCRMAT(/,F22.5,F18.5) 
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WRITE(3,55) RB 
55 FORMAT(/a INTERPOLATED RE =3,FI 1.5) 
C 
C GENERATE AND PRINT Y»(R) 
C 
RhAD(1,60) XLAE,YLAS,GLA3,DLA8 
6C FORMAT(20A4) 
Nl=N-2 
CALL YSTAR(NRB,N,E,RB,RM,Yl,Y2,FUNC,Rl,PRcVK,RYRST,YRST) 
.\fR31=NRD-l 
WRITE(3,65) R8,YRST(NR31),(XYRST(I),YRST(I),I=NRR,N1,5) 
65 FORMAT(ai3,16X,IR3,16X,iJY*( R ) 5, // , F2C .  3 ,  F2C .  5 ,  
I 3 (ÉXTRAP0LATE0)3,//,(F20.3,F2Q.5)) 
WRIT [- ( 3 , 70 ) RYRST ( N-1) , YRST { N-1) , RM , Y1 
70 FORMAT(/,F2;.3,F2:.5,3 (INTERPOLATED)3,/,F2".3,F2Q.5) 
C 
C PLOT Y(R) AND Y*(R) 
C 
CALL GRAPH(N-2,RYR,Y%,3,2,6.0,9.0,0,Ù,0,C,XLA3,YLAB, 
1 GLABjDLAB) 
CALL GRAPH{N-3,UYRST,YRST,0,2,0 »9.G,0,0,0,0,XLAB,YLA3, 
1 GLAB,ULA&) 
WT=(3.141593*RB**2)*(C1+W1*(Y1+Y2)) 
HRITE(3,8C) WT,C1,W 
se FORMAT!/,2 HEIGHT = 3,F10.4,a WHEN PO =3,F1C.4, 
1 2 AND DMEGA/2T =2,Fil.4) 
STOP 
END 
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SUBROUTINE K2CU%V(N,C,W,E,F%,PERR,RM,XK2RM,FUNC,R1, 
1PREVK,SU8SK,T0LR1)  
D IMENSIDN R1(1 ) ,PREVK(1) ,FR(1) ,FUNC(1) ,PTS(1) ,SU5SK(1)  
C 
C COMPUTE IN IT IAL APPROXIMATION TO K2(P . )  
C  
C2=C+W/r. 
W2=2.*W*(1./(3.*C**3)) 
C4=C* *2  
PREVK(1)=C 
D O  2 C  1 = 2  J N  
R2=R1(I)**2 
20  PREVK( I  )  =  C2+W2$(  (1  . -C4*? .2 ) * * I .5 -1 .  ) /F<2  
C 
C F ILL  FUNC TABLE WITH NCW FUNCTIONS 
C 
4G UO 5  0  1=1 ,N 
T0P=PREVK( I ) *R1( I )  
IF (A3S(TCP) -L . )50  t45  t 45  
45  N= I -1  
GO TO 5B 
50  FUNC( I )=TOP/SQRT(1 . -TOP*TOP)  
C 
C GENERATE NEW APPROXIMATION TO INTEGRALS 
C 
55  0LDK2=PREVK(N)  
DC 75  1=2 ,N 
R=R1{ I )  
DO 65  J=1,I 
65  PTS(J)= (1 . - (E* (J -1 ) /R) * *2 ) *FUNC(J)  
CALL CUADR(PTS, I ,E ,XTEMP, IER)  
IF ( IER)7C,75 ,70  
7C STOP 
75  PREVK( I )=C+W*XT~MP 
C 
C COMPUTE PERCENT CHANGE AND CHECK FOR CONVERGENCE 
C 
P£RR={PREVK(N) -GLDK2)*100 . /CLDK2 
IF  (  A B  S  (  P  E  R R )  -  T 0  L  P.  1  )  10  ;  J ,  10  3 ,  4  0  
C 
G EXTRAPOLATE TO GET RM AND K2(RM1 
C 
100  IF (PREVK(N) -FR{ !N)  )120 ,105 ,110  
105  RM=R1(N)  
XK2RM=FR(N) 
GO TO 150  
lie N=N-1 
120 XM1=(PR5VK(N) -PREVK{N-1) ) / (R1{N) -R1(N-1 ) )  
XK2=(FR(N) -FR(N-1) ) / (R1(N) -RL(N-L) )  
RM=(FR(N) -PREVK(N)+R1(N)* (XM1-XM2) ) / (XM1-XM2)  
104 
XK2RM=FR(N)+XM2*(RM-R1(N)) 
150 RETURN 
END 
105 
SUBROUTINE YCURVE(N,5,RM,Y1,FUNC,R1,PREVK,RYR,YR) 
DIMENSION FUNC(1),R1{1),PREVK(1),RYR(1),YR{1) 
C 
C COMPUTE Y(R) CURVE 
C 
4G CO 50 1=1,N 
RYR(I)=R1(I) 
T0P=PREVK(I)*R1(I) 
50 FUNC{ I)=TOP/SQRT( l.-TCP-s-TOP) 
YR(1)=0. 
DO 75  1=2 ,N 
CALL QUADR(FUNC,I,E,YR{I),IcR) 
IF(IER)70,75,70 
70 STOP 
C 
C EXTRAPOLATE TO Y(RW) 
75 CONTINUE 
RYR(N+1)=RM 
YR (i\i+l) =YR ( N ) + ( YR. ( N)-YR (N-l))*( R%-RYR(N ) )/E 
Y1=YR(N+1) 
RETURN 
END 
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SUSP. DUT I NE KSTAR (N,C,w,E,KM, PERR » RB,R1, PREVK, FR , FUNC, 
1PTS,NRB,T0LR2,Y1) 
DIMENSION Rl(l) , P "Î5VK ( 1) , PR ( 1) , FUNC ( 1 ), PTS ( 1 ) 
C 
C COMPUTE INITIAL APPROXIMATION TO K2*(R) 
C 
N1=N-1 
W2=2. *W/3 .  
C1=C+W*Y1 
RM2=RM*RM 
PR£VK(N)=I./RM 
R1(N)=RM 
00 2C 1=2,N1 
R1(I)=RK-(N-I)*z 
R22=R1(I)**2 
20 PREVK(I)=RM/K22+C1*(1.-RM2/R22)-W2*((KM2-R22)**1.5)/R22 
C 
C GENERATE NEW APPROXIMATION TO K2*(R) 
C 
40 no 50 I=2,NI 
T0P=PREVK(I)*X1(£) 
50 FUNC (I ) = rCP/SaRT(l./TC?«TrjP) 
?ERMAX=0. 
DO SC i=2,Nl 
PTS(N)= . 
K=N-I+1 
DO 6C J=K,N1 
60 PTS(J)=(!.-((RM-(N-J)sE)/Rl(K))««2)*FUNC(J) 
CALL QUADR(?TS(K),I,r,TEM?,1ER) 
IF(IER)65,68,65 
65 STOP 
68 SU8SK= RM/R1(K)**2+Cl*(l.-R%2/R1(K)**2)+W*TEMP 
IF(SUBSK) 60,70,70 
70 PERR=A3S((SUBSK-PREVK(K))*1C0./PREVK(K)) 
NRB=K 
IF{P ERR-P EKMAX)80,3 0,75 
75 PERMAX=P=RR 
80 PREVK(K)=SUBSK 
IF(PERNAX-TCLR2)125,125,40 
C 
C INTERPOLATE TO GET R3 
C 
125 XM=(PREVK(NRB)-PR£VÎ<(NRB-1 ) )/{ R1 {NRB )-Rl {NRB-1 ) ) 
RB=(R1(NR3)*XM-PREVK(NR5))/XM 
RETURN 
END 
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SU3RCUTî.ME YSTAR ( NRD , M, £ , R8,RM, Y1, Y2,FUNC, R1, PRcVK, 
IRYRSTïYRST) 
DIMENSION FUNCC1),R1(1)tPREVK(1),RYRST(1),YRST(1) 
C 
C COMPUTE Y*(R) CURVE 
C 
N1=N-1 
DC 2C I=NRB,N1 
RYRST{I)=R1(I) 
T0P=PREVK(I)*R1(I) 
20 FUiMC ( I ) =TOP/SCRT(I .-TOP^TOP ) 
K=N1 
3G K=K-1 
CALL QUADR(FUNC(K),N-K,E,TEKP,IER) 
IF(I£R)70,75,70 
70 STOP 
75 YRST(K)=Yl+TEf>)P 
IF(K-NRB)S0,80, 
C 
C SET Y*(^M)=Y(RM) 
C 
80 RYRST(N)=RM 
YRST(N)=Y1 
C 
C INTERPOLATE TO GET Y*(RK-E) 
C 
YRST(N1)=YRST(N-2)-(YRST(N-2)-YRST(N))/2. 
C 
C EXTRAPOLATE TO GET Y*IR5) AND Y2 
C 
NRB1=NRP-1 
RYRST(NRBi) = P.B 
YRST(NRB1)= YRST(NRB)+FUNC(NRC)*(RYRST(NRB)-R8)/2. 
Y2=YRST(NRB1)-Yl 
C 
C FILL IN STRAIGHT LIXE FROM C TO R3 
C 
DO 9 0 I=2,NRB1 
RYRST(I-1)=R1(I-I) 
90 YRST(I-1)=Y1+Y2 
RETURN 
END 
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C 
C 
C 
C SUBROUTINE OUAOR 
C 
C PURPOSE 
C INTEGRATES A GIVEN TABULATED FUNCTION AT A SET CiF 
C EQUALLY SPACED POINTS 
C 
C USAGE 
C CALL qUADfî(Z,N,H,S,IER) 
C 
C DESCRIPTION CF PARAMETERS 
C Z -A VECTOR GF LENGTH N CONTAINING THE VALUES GF 
C TH' FINCTTCJM TO BE INTEGRATED 
C N -THF NUMBER OF FUNCTION VALUES TO 6E INTEGRATED 
C H -THE SPACING OF THE FUNCTION VALUES 
C S -THE RESULTANT VALUE OF THE COMPUTED INTEGRAL 
C lER-RESULTANT ERROR CODE WHERE 
C IER=0 NO ERROR 
C IER=1 M LESS THAN 2 
C IEM=2 H=: 
C 
C REMARKS 
C SEE ERROR CODES ABOVE 
C 
C SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED 
C NONE 
C 
C METHOD 
C NUMERICAL QUADRATURE IS PERFORMED USING A 5 POINT 
C FORMULA UNTIL FEWER THAN 5 POINTS REMAIN. A 4,3, 
C OR 2 POINT FORMULA IS THEN USED TO COMPLETE JHc 
C INTEGRATION 
C 
C 
c 
SUBROUTINE CUADR(Z,N,H,S,IER) 
DIMENSION Zd) 
C 
c 
c 
C IF A DOUBLE PRECISION VERSION OF THIS ROUTINE IS 
C DESIRED, THE C IN COLUMN 1 SHOULD BE REMOVED FROM THE 
C DOUBLE PRECISION STATEMENT WHICH FOLLOWS. 
C 
C DOUBLE PRECISION Z,H,S 
C 
C THE C MUST ALSO BE REMOVED FROM DOUBLE PRECISION 
C STATEMENTS APPEARING IN OTHER ROUTINES USED IN 
109 
C CONJUNCTION WITH THIS ROUTINE. 
C 
C 
c 
s=.c 
IF(N-l)32,32,33 
32 I£R=1 
RETURN 
33 IF(H)34,35,34 
35 IER=2 
RETURN 
34 IF(N-5)4G,38,38 
C 
C CALCULAT: USING 5 POINT FORMULA 
C 
38 DO 39 1=5,N,4 
39 S=S+7.*Z(I-4)+32.*Z(I-3)+12.*Z(I-2)+32.*Z(I-l)+7.*Z(I) 
S=S*2./45. 
40 J=N-(N/4)*4+l 
GO TO (45,50,47,48),J 
C 
C CALCULATE USING 4 POINT FORMULA 
C 
45 S=S+.375*{Z{N-3)+3.*2(N-2)+3.*Z(N-l)+Z(N)) 
GO TO 5C 
C 
C CALCULATE USING 2 POINT FORMULA 
C 
47 S=S+{Z(N-1)+Z(N))/2. 
GO TO '3C 
C 
C CALCULATE USING 3 POINT FORMULA 
C 
48 S=S+(Z(N-2)+4.*Z(N-l)+Z(N))/3. 
50 S=S*H 
IER=0 
RETURN 
END 
